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A typical optimal control problem1

An agent controls a number of variables, which we call control variables, in order to maximize

an objective function subject to a set of constraints. The constraints are dynamic, in what

they describe the evolution over time of the state variables of the problem.

A typical problem to be solved is given by

Choose {c(t) ≥ 0}t∈[τ,T ] to max V (τ) =
∫ T

τ
v[k(t), c(t), t]dt

s.t. k̇(t) = g[k(t), c(t), t]

k(τ) = kτ > 0 given

lim
t→T

e−r̄(t)tk(t) ≥ 0

(1)

V (τ) is the value of the objective function at time τ , r̄(t) is an average discount rate that

applies between dates τ and T , and T is the terminal planning date, which can be finite or

infinite.

We call k(t) a (vector of) state variable(s), while c(t) is the (vector of) control variable(s).

The objective function is the integral over time periods of a felicity function, which could be

utility, profits, or an objective function for the government. The objective function depends

on controls, states, and time.

The constraint on k(t) is a differential equation in the state variable k, and determines

how the choice of controls translates into a pattern for the state. Such equations are

usually referred to as laws of motion, or transition equations. As a first observation, we are

restricting ourselves to the case in which the transition equation occurs with equality, but

this need not be the case. Further, note that the transition equation is made of a continuum

of constraints, one for any point between initial time τ and terminal time T .
1These notes follow closely Barro and Sala-i-Martin (2005, Appendix).
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Also, there are two boundary constraints for the state variable of the problem: an initial

non-negativity (actually, strict positivity) constraint, and a terminal constraint, requiring

that the value of the state at the end of the planning horizon, discounted at the rate r̄(T ),

must be non-negative. This second requirement, as long as the average discount rate is finite

and positive, implies non-negativity of the state variable at the end of planning: k(T ) ≥ 0.

For instance, if k(T ) represents a person’s net assets and the interval [τ, T ] is a person’s

lifetime, the terminal condition prevents the person from dying in debt.

If, on the other hand, T is infinite, the constraint means that a person’s net assets can

grow forever in magnitude —but cannot decrease so much that they become negative— as

long as the growth rate of these assets is less than the average discount rate r̄(t). To see

this point, think of the following scenario. If you borrow an asset k(t) at time t a a constant

rate r̄, and this asset yields a return g, after a time interval of length dt, you have:

k(t+ dt) = k(t) + dtgk(t)− dtr̄k(t)

= k(t) + dt(g − r̄)k(t)

k(t+ dt)− k(t) = dt(g − r̄)k(t)

lim
dt→0

k(t+ dt)− k(t)
dt

≡ k̇ = (g − r̄)k(t)

The solution for this differential equation is, given k(0) > 0, k(t) = k(0)e(g−r̄)t ∀t. Now, as

long as r̄ > g, limt→∞ k(t) = 0, but if r̄ < g then the limit becomes infinity. In other words,

as long as you discount the future at a higher rate than the return on your assets, at the

end of the planning horizon the discounted value of your asset will be zero.

Objective function example: discounted utility function

Let us assume the following specific form for v :

v(k, c, t) = e−βtu(c(t))
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Note that v does not depend on k in this scenario, and also depends on time only because

of discounting e−βt (the discount factor with discount rate β).

Transition equation example: capital stock

Consider a closed economy without government. If GDP is denoted by X, then basic income

accounting tells us that, at time t, X(t) = C(t) + I(t). Consider now an interval of time of

length dt, and look at accumulation of capital during this time interval. If the depreciation

rate is equal to δ > 0, we have that

K(t+ dt) = K(t)− δdtK(t) + I(t)dt

or

K(t+ dt)−K(t) = (I(t)− δK(t))dt

In order to convert from discrete time to continuous time, we take as usual the limit for

dt→ 0 to get:

K̇(t) = I(t)− δK(t)

which, using national income accounting, can be written as:

K̇(t) = X(t)− C(t)− δK(t) (2)

Now, when thinking about economic growth, the variable we care about is growth of

real GDP per capita. Hence, we want to derive a per-capita version of the accumulation

equation. Suppose, as it is done in most of growth models, that population grows at a rate

n per period: Ṅ
N = n > 0. Then, consider the time derivative of the amount of capital stock

per worker:
d

dt

K(t)
N(t)

=
˙(
K

N

)
≡ k̇ =

K̇N − ṄK
N2

=
K̇

N
− nk



CSU
ECON 705

Heterodox Approaches
Non-rigorous Notes on Control Theory

Daniele Tavani
page 4

Observe that K̇/N and k̇ are two different objects: the former is the amount of aggregate

capital accumulated over the period in per worker terms, while the latter is the change of

the per-worker accumulated capital. Since K̇/N = k̇+nk, dividing equation (2) by the size

of the population and solving for k̇ we have what we are looking for:

k̇ = x− c− (δ + n)k (3)

where lower case symbols denote variables in per-capita terms.

Solving the optimal control problem: heuristic derivations of

necessary conditions for an optimal control

Because the problem (1) is a constrained optimization problem, we would like to apply the

Kuhn-Tucker (KT) theorem in order to find necessary conditions for a solution. The KT

theorem suggests constructing a Lagrangian functional of the form:

L =
∫ T

τ
v(c(t), k(t), t)dt+

∫ T

τ
{µ1(t)[g(k(t), c(t), t)− k̇(t)]}dt+ µ2(T )k(T )e−r̄(T )T

We do not bother about non-negativity constraints on the control variable, because usually

the felicity functional is such that they will be non-binding.

Observe that there is a continuum of constraints, one for each instant in time between

τ and T . Hence, there is a corresponding continuum of multipliers {µ1(t)}t∈[τ,T ]. These

multipliers are called costate variables, and can be interpreted as shadow-prices.

Because the transition equation holds with equality, the constraints are binding. The KT

theorem tells us that each of the continuum of multipliers associated with these constraints
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will be positive. Also, always KT implies that

∫ T

τ
µ1(t)[g(k(t), c(t), t)− k̇(t)]dt = 0

This fact, however, does not help much at this stage, because we need to differentiate with

respect to the control variable, and we need to look at the effect of the choice of a control

to the state variable of the program. The issue is that, if we were in a completely static

environment, we would differentiate the Lagrangian functional with respect to c, k at all t.

But, on the one hand, k̇ 6= 0, and on the other hand, we don’t know how to differentiate k̇

with respect to k.

To avoid these problems, we integrate µ1(t)k̇(t) by parts. By so doing, we will be able

to get rid of k̇ as a term to differentiate in the objective function.

Integrating µ1(t)k̇(t) by parts

Consider first that
d

dt
(µ1(t)k(t)) = µ̇1(t)k)(t) + µ1(t)k̇(t)

and integrate both sides between τ and T :

∫ T

τ

d

dt
(µ1(t)k(t))dt =

∫ T

τ
(µ̇1(t)k(t) + k̇(t)µ1(t))dt

Since dt cancels out on the LHS, and for any variable x
∫
dx = x, we can rewrite, using the

basic rules of definite integration:

∫ T

τ
d(µ1(t)k(t)) = µ1(t)k(t)|Tτ = µ1(T )k(T )−µ1(τ)k(τ) =

∫ T

τ
µ̇1(t)k(t)dt+

∫ T

τ
k̇(t)µ1(t)dt



CSU
ECON 705

Heterodox Approaches
Non-rigorous Notes on Control Theory

Daniele Tavani
page 6

which allows us to solve for what we are interested in:

∫ T

τ
µ1(t)k̇(t)dt = µ1(T )k(T )− µ1(τ)k(τ)−

∫ T

τ
k(̇t)µ1(t)dt (4)

The Hamiltonian functional

Using (4), we can rewrite the Lagrangian as follows:

L =
∫ T

τ
{v[k(t), c(t), t] + µ1(t)g[k(t), c(t), t]} dt+ µ2(T )k(T )e−r̄(T )T (5)

−µ1(T )k(T ) + µ1(τ)k(τ) +
∫ T

τ
k̇(t)µ1(t)dt

The expression in curly brackets inside the first integral sign is called the Hamiltonian

functional:

H(k(t), c(t), t, µ1(t)) = v(k(t), c(t), t) + µ1(t)g(k(t), c(t), t) (6)

The economic interpretation of the Hamiltonian is due to Dorfman (1969). At any

instant in time, the agent consumes a flow c(t) and owns a stock of assets k(t). Consumption

and assets contribute directly to the consumer’s felicity through v(·). Also, the choice of

consumption affects the change in capital stock through the transition equation for k. The

value of the change in capital stock is given by µ1g(k, c, t) in the Hamiltonian. Hence, for

any given value of µ1, the Hamiltonian captures the total effect of a choice of c(t) to the

consumer’s felicity.
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The first-order necessary conditions

Regroup terms in the Lagrangian as follows:

L =
∫ T

τ
{H[k, c, t] + µ̇1k} dt+ µ1(τ)k(τ)− µ1(T )k(T ) + µ2k(T )e−r̄(T )T (7)

and suppose you have calculated the optimal path c̃(t), k̃(t) for the control variable(s) and

the state variable(s). These will be paths, that is optimal values for controls and states

for every time t. Now suppose you can perturb these optimal paths by any perturbation

functions, p1(t), p2(t) for c̃(t), k̃(t) respectively. If the size of the perturbation is ε > 0 small

as you please, we can construct neighboring paths for controls and states:

c(t) = c̃(t) + εp1(t)

k(t) = k̃(t) + εp2(t)

Further, in order to satisfy the budget constraint at the terminal time T ,

k(T ) = k̃(T ) + εp2(T )

which tells us that at the end of the planning horizon, the perturbed capital stock is different

from the optimal one only by a perturbation of size ε.

We are making use of perturbation functions in order to construct a Lagrangian asso-

ciated with the perturbed paths. Denote this new Lagrangian by L̃. If c̃, k̃ are optimal,

the perturbed Lagrangian, which depends on the perturbation size ε, will be such that

∂L̃/∂ε = 0 by the envelope theorem. We have:

L̃ =
∫ T

τ
{H[k(·; ε), c(·; ε)] + µ̇1k(·; ε)}dt+ µ1(τ)k(τ)− µ1(T )k(T ) + µ2k(T, ε)er̄(T )Tdt
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which, differentiated with respect to ε and evaluated at the optimal paths, yields:

∂L̃
∂ε

=
∫ T

τ

{
∂H

∂ε
+ µ̇1

∂k

∂ε

}
dt+

∂k(t, ε)
∂ε

[
µ2e
−r̄(T )T − µ1T

]
= 0

Now, by the chain rule,
∂H

∂ε
=
∂H

∂c
p1(t) +

∂H

∂k
p2(t)

Further, by definition of the perturbed paths,

∂k(T )
∂ε

= p2(T )

so that we can rearrange as follows:

∂L̃
∂ε

=
∫ T

τ

{
∂H

∂c
p1(t) +

[
∂H

∂k
+ µ̇1

]
p2(t)

}
dt+

[
µ2(T )e−r̄(T )T − µ1(T )

]
p2(t) = 0 (8)

If each of the three elements of the equation is equal to zero, then equation (8) can hold for

any perturbation paths p1(t) 6= 0, p2(t) 6= 0:

∂H

∂c
= 0 (9)

∂H

∂k
+ µ̇1 = 0 (10)

µ2e
−r̄(T )T = µ1(T ) (11)

These are the first-order necessary conditions for an optimal control. At an optimal control,

equation (9) tells us that the derivative of the Hamiltonian with respect to the control

variable must be zero. This is called the maximum principle. Equation (10) says instead

that the derivative of the Hamiltonian with respect to the state variable equals the negative

of the change over time of the costate variable. This latter equation(s), together with the

transition equation for the state variables, are called Euler equations. Finally, equation (11)

requires equality between the costate variable at the end of the planning horizon and the

terminal value of the non-negativity Lagrange multiplier, discounted at a rate r̄(T ).
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The first-order conditions, when sufficient, form a dynamical system in the costate vari-

ables and the state variables. The properties of this system (steady state, local stability,

global stability) can be studied analytically when possible, or numerically.

A small caveat

The first–order conditions can be written in a more general, Kuhn–Tucker form as follows:

∂H

∂c
≤ 0; c

∂H

∂c
= 0 (12)

∂H

∂k
+ µ̇1 ≥ 0; µ1

[
∂H

∂k
+ µ̇1

]
= 0 (13)

The Kuhn–Tucker form reveals especially useful when some constraints are not binding.

The Transversality Condition

Consider again equation (11). This equation is associated with a non-negativity constraint

on capital stock at the terminal date. Hence, it is not qualitatively different from the

complementary slackness condition we are familiar with in standard applications of the

Kuhn-Tucker theorem.

Recall the terminal condition on the state variable: k(T )e−r̄(T )T ≥ 0. The complemen-

tary slackness condition requires

µ2e
−r̄(T )Tk(T ) = 0, µ2 ≥ 0

but, using (11),

µ1(T )k(T ) = 0 (14)

which is called transversality condition (TVC). Just as a complementary slackness condition,
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it says that

if k(T ) > 0, then µ1(T ) = 0

if µ1(T ) > 0, then k(T ) = 0

Exactly like a complementary slackness condition, the interpretation is that if the state

variable is still worth something at time T (µ2(T ) > 0), then you better leave none of it

(k(T ) = 0). Conversely, if there is leftover state variable at T (k(T ) > 0), then it must be

worth nothing (µ2(T ) = 0).

Sufficient Conditions

Mangasarian (1966) showed that if the objective function v(·) and constraints g(·) are both

concave in c, k, then the necessary conditions for optimization are also sufficient. Such

a restriction is sometimes too much. Arrow and Kurz (1970) (AK) find less restrictive

conditions in terms of the maximized Hamiltonian. Define Ho(k, µ, t) as the value of the

maximized Hamiltonian when c, k, µ satisfy the necessary conditions. If Ho is concave in

c, k, then the necessary conditions are also sufficient. This result is more general than that

of Mangasarian (1966), because concavity of v(·), g(·) is sufficient for Ho to be concave

in c, k, but the opposite is not true. In other words, the maximized Hamiltonian can be

concave in g, k even when v(·), g(·) are not. The problem with the AK conditions is that

they are harder to check than the Mangasarian (1966) conditions.

Infinite Horizons

In most economic applications, we will let the terminal time T go to infinity. The economic

rationale for an infinite horizon planning is that a person holding assets will take into account

not only her own utility, but also the interests of her descendants in making consumption

and savings decisions.
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Thus, even though an individual’s lifetime is finite, she will act as if she was planning

over a stretch of time that extends over an entire dynasty. Since the time at which a dynasty

ends is not known, one can set it infinitely far in the future. This dynastic hypothesis is

actually due to Ricardo. A modern statement of it is that altruistic people living for a

finite time will behave as if they were a single representative dynasty, incorporating the

welfare of future generations of the dynasty’s welfare in their own objective function, and

thus planning for an infinite time.

An example of an infinite-horizon problem is:

Choose {c(t)}t∈[0,∞) to max V (0) =
∫ ∞

0
e−βtu(c(t))dt

s.t. k̇ = f(k(t))− (δ + n)k(t)− c(t)

k(0) > 0 given

lim
t→∞

e−r̄(t)tk(t) ≥ 0

which, with costate variable µ, has the associated Hamiltonian:

H(c, k, µ) = e−βtu(c) + µ[f(k)− (δ + n)k − c]

Observe that the Hamiltonian holds at any instant in time t ∈ [0,∞). Hence, we can omit

the time dependence when writing it, with the understanding that the underlying variables

c, k, µ are all time-dependent.

The maximization program above has the following set of necessary conditions for an

optimal control:

e−ρtu′(c) = µ

−µ̇ = µ(f ′(k)− (δ + n))

limt→∞ µ(t)k(t) = 0

Focusing on the transversality condition (TVC) above, the intuition is as before. The value
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of capital stock must tend to zero asymptotically, otherwise something of value would be

left over.

One issue that, however, does not present itself forcefully in the casese we will be dealing

with, is that there is disagreement on the validity of the TVC as a necessary condition for

an infinite-horizon problem. In other words, counterexample have been provided in which

condition (11) is not necessary for optimization. Michel (1982) found a TVC that always

holds: limt→∞H(t) = 0.

Present Value vs Current Value Hamiltonian

As in the example above, in most economic problems we will be dealing with objective

functions of the kind:

∫ ∞
0

v[k(t), c(t), t]dt =
∫ ∞

0
e−βtu[k(t), c(t)]dt

where β > 0 is a constant discount rate, while e−βt is called discount factor. To complicate

things, sometimes you’ll find that the initial time is set to a value s > 0, which means that

we write: ∫ ∞
s

v[k(t), c(t), t]dt =
∫ ∞
s

e−β(t−s)u[k(t), c(t)]dt

Both these forms are equivalent for what follows. What matters for our purposes is that,

once we have taken the discount factor into account, the instantaneous utility function does

not depend directly on time. If the constraints are the same as before, the Hamiltonian will

look like:

H(k, c, µ) = e−βtu(k, c) + µg(k, c, t) (PV)

The costate variable µ represents the value of the state variable at time t in units of time zero

levels of utility. This way of writing the Hamiltonian is known as present-value Hamiltonian.
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Restructuring the problem in terms of current-value prices is not only convenient, but

also has a more natural economic interpretation. Rewrite the above Hamiltonian as

H(k, c, λ) = e−βt[u(k, c) + λg(k, c)]

where λ ≡ µeβt is the current-value shadow price (or costate variable).

We can then define the current-value Hamiltonian simply as:

eβtH(k, c, λ) ≡ H(k, c, λ) = u(k, c) + λg(k, c) (CV)

Consider now the two first-order conditions on the present-value Hamiltonian H: ∂H/∂c =

0; ∂H/∂k = −µ̇. Obviously,
∂H

∂c
= 0⇔ ∂H

∂c
= 0 (C)

so that in the current-value case, the first-order condition on the control variable (the form

taken by the maximum principle condition, if you like) remains unchanged.

On the other hand, consider the other first-order condition relating the time change of

the costate variable to the derivative of the Hamiltonian with respect to the state variable:

∂H/∂k = −µ̇, and recall that λ ≡ µeβt. Differentiating the current value shadow price with

respect to time, we obtain:

λ̇ = βµeβt + eβtµ̇

= βλ+ eβtµ

from which

µ̇ = e−βt(λ̇− βλ)

−eβtµ̇ = βλ− λ̇

But now, equation (10) implies that

−eβtµ̇ = eβt
∂H

∂k
≡ ∂H

∂k
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so that we can write the first-order condition on the costate variable as follows:

βλ− λ̇ =
∂H
∂k

(K)

which has a straightforward asset-pricing interpretation. Think of an asset k of value λ.

Rewriting, we see that

βλ = Hk +λ̇

interest rate× asset value = flow of dividends + capital gains/losses

This is an arbitrage equation requiring that the rate of return on the asset Hk+λ̇
λ equal the

return on consumption (discount rate) β. Finally, the TVC is straightforward. Since λ(t)

is just a transformation of the present-value multiplier µ(t), we have:

lim
t→∞

λ(t)e−βtk(t) = 0 (TVC)

In pretty much every application, we will use the current-value approach, which means

that the first-order conditions to look at are (C), (K), and (TVC).

Example: a ‘Classical’ growth model, no factor substitution

The economy is composed of two types of agents: capitalists, and workers. Workers do not

save, and they consume all of their wages. Capitalists’ income is given by gross profits,

in turn equal to the gross profit rate v times the amount of capital invested. Capitalists’

consumption is denoted by C. Other than for consumption, capitalists’ income can be

used in order to finance the accumulation of new capital. In the absence of frictions in

financial markets, investment will be always equal to savings. Hence, we can denote savings

as accumulation of new capital stock by K̇. The aggregate budget constraint for capitalists
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in the economy is then

C + K̇ = vK

(note that we are assuming that the budget constraint holds with equality). We want

to develop a per-worker version of this constraint. Following the notation and the same

procedure as before, we find that:

k̇ = (v − n)k − c

As far as capitalists’ utility, assume that they have a logarithmic utility defined in con-

sumption only, and that they discount the future at the constant rate β > 0. Now, if

c(t) is capitalist consumption per worker, c(t)N(t) is aggregate capitalists’ consumption. If

population grows at a rate n > 0, and the initial population size was N(0), then at each

time t aggregate capitalists’ consumption is c(t)N(0)ent. Hence, we can state the infinite

horizon problem as follows:

Choose {c(t)}t∈[0,∞) to max N(0)
∫ ∞

0
e−(β−n)t log c(t)dt

s.t. k̇(t) = (v − n)k(t)− c(t)

k(0) = k0 > 0 given

lim
t→∞

e−βtk(t) ≥ 0

With growing consumption, the sum under the integral sign converges to a finite value

only if β − n > 0, with the economic interpretation that, while the representative agent

cares about future generations, she cares more about her own welfare (β > n). We want to

solve this problem using the current-value approach. The current-value Hamiltonian is:

H(c, k, λ) = log c+ λ[(v − n)k − c]

Now, you might have noticed that the discount factor multiplying the utility function is
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slightly different. We need to take this into account. Hence, the current value multiplier

λ ≡ e(β−n)tµ, where µ is the present value multiplier. The first order necessary conditions

for optimization are:

1
c = λ (C)

(β − n)λ− λ̇ = λ(v − n) (K)

lim
t→∞

e−(β−n)tλ(t)k(t) = 0 (TV C)

In a simple program with one control and one state such as this one, it is convenient to

work with a dynamic equation in the control variable and the state variable rather than

dynamic equations in costate variables and state variables. This is because the control

variable, consumption, is easier to interpret than the costate variable. In order to get a

dynamic equation for the control variable, start differentiating (C) with respect to time:

− 1
c2
ċ = λ̇

which we can rewrite as −1
c
ċ
c = λ̇. But now, use again (C) to see that −λ ċc = λ̇, so

that the growth rate of the costate variable is equal to the negative of the growth rate of

consumption. Now, look at equation (K). Dividing both sides by λ, using what we just

found, and simplifying, we see that

ċ

c
= v − β (EC)

a dynamic equation relating the growth rate of consumption with the difference between

the gross rate of return on capital stock v and the discount rate. Such an equation is called

Euler Equation for consumption.

We now want to analyze the dynamical system formed by the Euler equation and the
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transition equation for capital stock. We can rewrite the latter as follows:

k̇

k
= (v − n)− c

k

In this type of models, we are interested not much in a steady state where capital stock and

consumption do not grow, but in a balanced growth path (BGP) where consumption and

capital stock grow at the same rate. The reason why we don’t look for a steady state is

that if the gross profit rate v is not time-varying, a steady state where ċ = k̇ = 0 will never

be reached, unless in the ‘fluke’ case where v = β − n.

One simple way of solving for a BGP is to guess that it exists and look what are the

conditions required for it to do so. A more rigorous way is more involved, and I will write

it up later in an appendix. Set ċ/c = k̇/k to see that v − β = v − n− c(t)
k(t) , or

c(t) = (β − n)k(t),∀t

is sufficient for a BGP. Hence, a BGP requires capitalists consumption per worker to be equal

to a constant fraction of capital stock each period.2 Since the solution to our optimization

problem leads to a constant value of consumption per unit of capital along a BGP, savings

per unit of capital will also be constant along the BGP, and equal to

v − c

k
= v − (β − n)

Now, the Cambridge equation tells us that the growth rate of capital stock gk equals the

capitalists’ propensity to save times the profit rate: gk = sv What is the propensity to save

s? We have:

s =
vk − (β − n)k

vk
=
(

1− β − n
v

)
2This result is pretty striking, and it depends on the isoelastic form of the utility function. A further

elaboration on this point is made in Foley and Michl (1999, Chapter 6).
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so that our findings are consistent with the Cambridge equation:

gk = v − (β − n) =
(

1− β − n
v

)
v = sv (15)

This result is important because it accommodates for time-varying savings rate if the profit

rate is time-varying. This will be the case when, say, there is technical change that increases

labor productivity over time. A time-varying savings rate in response to changing conditions

of production and accumulation gives an economic meaning to the use of intertemporal

optimization. When economic conditions change, choices made in the present have an

effect on parameters that constrain choices in the future. The solution to an optimal control

problem recognizes these effects and incorporates them into optimal decisions about current

choices.

Example: Neoclassical growth model

In this case, there is no class distinction: every agent in the economy owns some capital

stock and offers labor services to firms. There is a smooth production function that can be

expressed in intensive form as f(k). The representative agent faces the following problem:

Choose {c(t)}t∈[0,∞) to max N(0)
∫ ∞

0
e−(β−n)t log c(t)dt

s.t. k̇(t) = f(k(t))− (δ + n)k(t)− c(t)

k(0) = k0 > 0 given

lim
t→∞

e−βtk(t) ≥ 0

The current-value Hamiltonian is:

H = log c+ λ[f(k)− (δ + n)k − c]
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and the first order conditions are:

1
c = λ (C)

(β − n)λ− λ̇ = λ(f ′(k)− (δ + n)) (K)

lim
t→∞

e−(β−n)tλ(t)k(t) = 0 (TV C)

From which the Euler equation for consumption is:

ċ

c
= f ′(k)− (β + δ) (EN)

The Euler equation, together with the transition equation for capital stock, form a non-

linear dynamical system we are interested in. Note further that with a smooth production

function the gross profit rate v = f ′(k), so that (EC) and (EN) are equivalent. In the

classical case, however, the profit rate is a parameter, which becomes endogenous through

the production technology in the neoclassical case.

Since there is a continuum of techniques (the production function is smooth), capital

intensity can adjust to achieve a steady state in which consumption and capital stock do

not grow. At a steady state,

ċ = 0 → f ′(kss) = β + δ → kss = f ′−1(β + δ)

k̇ = 0 → f(kss)− css − (δ + n)kss = 0 → css = f(kss)− (δ + n)kss

For instance, in the Cobb-Douglas case where f(k) = kα, then

kss =
(

α
β+δ

) 1
1−α

css =
(

α
β+δ

) α
1−α − (δ + n)

(
α
β+δ

) 1
1−α

We can further study the stability properties of the steady state by linearizing the system
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in a neighborhood of the steady state. By so doing, we obtain the Jacobian matrix:

J(css, kss) =

 0 f ′′(kss)

−1 β − n



We look at the sign of the determinant and the trace to determine the stability property

of the system. Since f ′′(k) < 0, the determinant is negative. We know that the determinant

of J is the product of its eigenvalues. If the determinant is negative, then the two eigenvalues

are of opposite signs: one is positive, and the other one is negative. Hence, the steady state

is a saddlepath. This means that for any initial condition on capital stock k0, there is only

one stable path leading to the steady state. Such stable path requires initial consumption to

“jump” to the only value c(0) compatible with k0 so that the economy is on the saddlepath

and can achieve its steady state.
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