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Dynamics of the Nash Equilibrium of the Fishery Game

Consider the fishery interaction described in Chapter 4 of Bowles, Microeconomics. We ask the
question about how is the NE of the fishery game reached over time. Suppose that both Upper
and Lower try to adapt their behavior in case they deviate from their best response, as follows:

ė = γ(eBR − e) = γ

[
α(1− βE)

2
− e
]

(1)

Ė = Γ(EBR − E) = Γ
[
α(1− βe)

2
− E

]
(2)

The parameters γ,Γ are both required to be in the (0, 1] interval, and are called speed of adjustment
parameters. The higher either of those, the faster the adjustment toward the best response by the
respective player. Equations (1, 2) identify a dynamical system in the fishing effort levels e, E.

A steady state is a pair (ess, Ess) such that ė = Ė = 0. It is fairly obvious that there is one
stationary state in which e > 0, E > 0 giving us back the NE of the static game. Solving, we have

ess = eN =
α

2 + αβ
= Ess = EN

But this is not the only steady state. We also have (ess, Ess) = (0, 1/β), and (ess, Ess) = (1/β, 0).

In order to select among the available steady states, that is in order to find out which of the
three steady states the system will tend to, we study their dynamical properties. The first step is
to linearize the system around its steady state position. Taking derivatives, we can construct the
Jacobian Matrix as follows:

J =

(
∂ė
∂e

∂ė
∂E

∂Ė
∂e

∂Ė
∂E

)
=
(
−γ −γ αβ2
−Γαβ

2 −Γ

)
Stability requires the Jacobian matrix above to have all eigenvalues with negative real parts.1 We
use the following results: If a square matrix J has eigenvalues λ1, λ2, then its determinant Det(J)
and its trace Tr(J) satisfy:

Det(J) = λ1λ2

Tr(J) = λ1 + λ2

Hence, stability requires the determinant to be positive and the trace to be negative. We know
that the trace is negative since both γ ∈ (0, 1],Γ ∈ (0, 1]. The determinant is

γΓ
(

1− (αβ)2

4

)
and it is positive if and only if the term in parentheses is positive. This requires 4− (αβ)2 > 0, or

2
αβ

>
αβ

2
, or αβ < 2

which is the stability condition provided by Bowles. Refer to the relevant section in the book for
the economic interpretation.

1In general, eigenvalues can have imaginary parts. Imaginary parts are non real by definition, hence we restrict
to the real parts only.
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The Kuhn-Tucker theorem with an application to privatization in the fishery game

Consider the following general maximization problem. For concreteness, suppose we want to
choose a vector x ∈ RN of consumed quantities that maximizes some objective function f(x) :
RN → R, under the constraint of the availability of resources and technologies, g(x) 5 b, where g :
Rm → RN is a vector function mapping vectors in the resource space to vectors in the consumption
space. The constrained maximization problem is:

Choose x = 0 to maximize f(x)
subject to g(x) 5 b

(MP)

A problem of this type has a related Lagrangian:

L = f(x)− µT (g(x)− b)

Define another problem:

Choose {x∗, µ∗}
such that L(x, µ∗) ≤ L(x∗, µ∗) ≤ L(x∗, µ)

∀ x = 0, µ = 0
(SP)

That is the Lagrangian is maximized with respect to x∗ and minimized with respect to µ∗. The
Japanese economist Hirofumi Uzawa proved the somewhat amazing result that if x∗, µ∗ solves the
saddle-path problem, then x∗ solves the maximization problem. The proof is based on a very
well known theorem called separating hyperplane theorem. On the other hand the Kuhn-Tucker
Theorem states that the saddle point satisfies the following first-order necessary conditions:

∇L(x) = ∇f(x)− µT∇g(x) 5 0
and

[
∇f(x∗)− µT∇g(x∗)

]
x∗ = 0

∇L(µ) = −(g(x)− b) = 0
and µ∗T [g(x∗)− b] = 0

(3)

The last two equations are called complementary slackness conditions, and are of fundamental
importance. In fact, consider the set of constraints. Some of them hold with equality, and some
with inequality. The first class of constraints is called binding constraints, and the second slack
constraints. Well, the complementary slackness condition ensures that:

µi ≥ 0 ∀ i
µi = 0 if gi(x∗) < 0

The non-negativity of the multipliers, which gives them the economic interpretation of shadow-
prices, is the main result of the Kuhn-Tucker theorem. The second inequality tells us that if a
constraint is not binding, its related multiplier/shadow-price will always equal zero.

The above conditions were only necessary, and not sufficient, for a maximum. However, the
following theorem holds (for a proof, see Varian, p. 503).

Theorem 1. Suppose that f is strictly concave, and g is convex. Let x∗ be a feasible point and
suppose we can find a set of multipliers µ such that ∇f(x∗) = µT∇g(x∗). Then, x∗ solves our
maximization problem (MP).
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We want to apply the Kuhn-Tucker theorem to the problem of privatizing the lake by assigning
property rights to Lower who issues a permit of value F to Upper for fishing in the lake. Lower’s
problem is to select her own fishing effort and Upper’s effort to maximize her own utility from
fishing subject to the constraint that Upper gets at least as much utility from buying the permit
and fishing than doing nothing. We write:

Choose e ≥ 0, E ≥ 0 to max y − e2 + F
s.t. Y − E2 − F ≥ 0

(4)

The associated Lagrangian is:

L = α(1− βE)e− e2 + F + µ[α(1− βe)E − E2 − F ] (L)

And the first-order conditions are:

α(1− βE)− 2e− µαβE ≤ 0 e[α(1− βE)− 2e− µαβE] = 0 (5)
−αβe+ µ[α(1− βe)− 2E] ≤ 0 E {−αβe+ µ[α(1− βe)− 2E]} = 0 (6)

α(1− βe)E − E2 − F ≥ 0 µ[α(1− βe)E − E2 − F ] = 0 (7)

First, we focus on the interior solution 0 < e = E > 0. To find it, we can solve the equality in
(5) for e > 0 and the one in (6) for E > 0 to find that:

e[E,µ] =
α(1− βE(1 + µ))

2
E[e, µ] =

α(1− βe(1 + µ))
2

Also, if the constraint is binding, F = α(1 − βe)E − E2, and µ > 0 from (7). Setting E = e, we
find

e =
α

2 + α(1 + µ)β
= E

We need to find a value for µ. Rearranging (5) and (6), we see that:

α− αβE − 2e− αβµE = 0
µα− αβE − 2µE − αβµE = 0

Subtract the second equality from the first to get

α− 2e = µ(α− 2E) ∩ e = E ⇐⇒ µ = 1

Plugging µ = 1 back into our interior solution, we have

eOPT =
α

2(1 + αβ)
= EOPT

which is exactly the solution one obtains in the social planner’s case. What is the value of the permit
in this case? Use the Pareto-optimal effort levels eOPT , EOPT and the fact that the constraint binds
to find that

F = α
(

1− β α
2(1+αβ)

)
α

2(1+αβ) −
(

α
2(1+αβ)

)2

= α−
(

α
2(1+αβ)

)2
(1 + αβ)

= α
(

1− α
2(1+αβ)

)
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The interpretation is that, if Lower owns the lake and charges Upper an amount F for the permit
to fish, a first best result can be achieved.

This striking conclusion, however, hinges on the fact that the participation constraint U ≥ F
is met. Are there other configurations of e, E that fulfill the Kuhn-Tucker conditions? Consider
first E = 0. From (7), −F ≥ 0 is nonsense if the permit has to have non-negative value. This is
analogous to say that the constraint is not binding, and therefore we must have µ = 0. On the
other hand, from (5), with positive effort by lower we have e = α/2, which in turn gives a utility
for Lower equal to α2/4. How about e = 0? In this case, (6) requires E = α/2, and Upper’s utility
is a2/4. Both these solutions meet the Kuhn-Tucker requirements, and therefore cannot be ruled
out in general.

Summarizing, we found the following set of solutions (this is a rigorous way to report your
results, other than easy to read)

e = 0, E = α/2, µ = 0
e = α

2(1+αβ) = E, µ = 1
e = α/2, E = 0, µ = 0

(SOL)


